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Abstract 
Wang, Y., A class of Frattini-like subgroups of a finite group. Journal of Pure and Applied 
Algebra 78 (1992) 101-108. 
Let G be a finite group and rr a set of primes. We consider the families of subgroups of G: 
9, = {M: M<G, IG: MI, = l}, Fz={M: MGG, /G: MI,, = 1. IG: MI is composite}. 
Denote Qr(G) = n {M: ME 9,) if 9, is nonempty, otherwise Q,,(G) = G and S,(G)= 
f-l {M: ME .F?} if Sz is nonempty. otherwise S_(G) = G. The purpose of this paper is to 
investigate these subgroups further. 
1. Introduction 
Of late there has been considerable interest in the study of analogs of the 
Frattini subgroup of a finite group and investigation of their properties, particular- 
ly, their influence on the structure of the group (see [l-4]). In [2], Bhattacharya 
and Mukherjee introduce the subgroups Q_(G) and S,(G) and exhibit their 
relationship with the given group G under the hypothesis of G being r-solvable. 
In [3], Guo gets a result with the same hypothesis. The objective of this paper is 
to investigate these groups further and to show that the n-solvable assumption is 
unnecessary in their main result. All the main results in [2] and [3] have been 
generalized. 
The main results of this paper are as follows: 
Theorem. Let G be a finite rr-separable group. Then: 
clo&@~(G)~OAG) = @(G/O,(G)) 1s a nilpotent -n’-group and Q,(G) is m- 
(ii) Both Sm(G) /O,(G) and S,.(G) /O,,(G) are supersolvable. 
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Corollary. Let G be a finite n-separable group. Suppose that both N and M are 
normal subgroups of G with N 5 Q,(G). Then M is rr-closed if and only if MNIN 
is n-closed. 
For convenience, we give some notations and definitions first. 
Let 7~ be any set of primes and rr’ the complementary set of primes. Let G be a 
finite group. Then we denote M Q G to indicate that M is a maximal subgroup of 
G. Also, IG : Ml7 denotes the n-part of IG : MI. C onsider the following families 
of subgroups: 
9, = {M: M Q G, 1G : MI, = l}, 
S2 = {M: M Q G, [G : M(, = 1, IG : MI is composite}, 
S3 = {M: M Q G, IG : MI is composite}. 
Definition. Q,,(G) = n {M: ME 9,} if 9, is nonempty, otherwise Q,(G) = G. 
ST(G) = n {M: ME %?} if F2 is nonempty, otherwise Sm(G) = G. L(G) = 
n {M: M E s3} if S3 is nonempty, otherwise L(G) = G. 
A group G is called x-separable if every composition factor of G is either a 
v-group or m’-group. A group G is called n-solvable if every composition factor 
of G is either a rr’-group or a p-group with p E 7r. Clearly, G is r-separable if 
and only if G is 7r’-separable. Each r-solvable group is r-separable. 
When G is n-solvable, one can easily show that both Q,,(G) and S,(G) are 
solvable. If we only assume that G is n-separable, then S,(G) need not to be 
solvable. For instance, let G be a nonabelian simple group and rr = m(G). Then 
G is rr-separable but not r-solvable, both 5, and F2 are empty and Q,(G) = 
S,(G) = G. 
All the groups in this paper are finite. 
2. Preliminary results 
Property 2.1. G is rr-separablee every chief factor of G is either a rr-group or 
r’-group. 
G is rr-solvable G every chief factor of G is either a rr’-group or a p-group with 
pE7r. 0 
Lemma 2.2. Let Kg G. Then: 
(1) @,(G)IK 5 @,(GIK); consequently, if Ks Q,(G), it follows that 
@,(G)KIK = QW(G/K). 
(2) S,(G)KIK 5 S,(G/K); consequently, if K 5 S,(G), it follows that 
S,(G)KIK = S=(GIK). 
(3) O,(G)@(G) 5 Q,(G) 5 S,(G) and O,,(G)@(G) 5 Q_,(G) 5 S,.(G). 
(4) 1= O,(G/O,(G)) = OV(G/@,(G)) = O,(G/S,(G)). 
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Proof. (1) and (2) are clear by definition (see [2, Lemma 11). VM Q G: if 
O,(G)$M, then G = MO,(G) and so IG : 44 is a r-number. Hence O,(G) 5 
0,(G) 5 Sm(G). S ince Q(G) 5 Q,,(G), (3) follows. O,(G/@,(G)) 5 @,(G/ 
@r(G)) = @,(G)/@?i(G) = I by (I) and (3). The same proof for S,(G) yields 
(4). 0 
Lemma 2.3. Let G be a finite r-separable group. Then: 
(1) Every maximal subgroup of G has index which is either r-number or a 
r’-number. 
(2) Q,(G) fl Q,.(G) = Q(G) and S,,(G) fl S,.(G) = L(G) is solvable. 
(3) If L@ G and L is a n’-subgroup, then L 5 Q,(G)= L 5 Q(G) and 
L 5 S,(G)@ L 5 L(G). 
Proof. (1) We use induction on ICI. Since G is r-separable, O,(G)O,.(G) # 1. 
Without loss of generality, we assume that O,(G) # 1. If G = O,(G), there is 
nothing to prove. Assume that G# O,(G). VM Q G: if O,(G)#M, then 
G = O,(G)M and so ]G : MI IS a r-number. If O,(G) 5 M, then ]G : MI = 
IG/OV(G) : M/O,(G)1 is either a r-number or a r’-number. We are done. 
(2) The equations follow from (1). We show that L(G) is solvable by induction 
on ICI. We assume that L(G)> 1. Let p =max{q: qE r(L(G))} and PE 
Syl,(L(G)). If N,(P) = G, then 1 # PAG and P5 S,(G) n S,,(G). Then 
L(GIP)= L(G)/P by Lemma 2.2(2). Hence both P and L(G)/P are solvable 
and so is L(G). If N,(P) # G, then 3M Q G with N,(P) I M. Since L(G)<I G, 
the Frattini argument yields that G = L(G)N,(P) = L(G)M. By (l), IG : MI is 
either a n-number or a m’-number. If IG : MI is composite, then L(G) 5 M, a 
contradiction. Therefore, I G : MI = q is a prime which divides I L(G)I. Since 
N,(P) 5 M, NLCo.(P) I M n L(G), IG : M( = IL(G) : M n L(G)1 = 1 (mod p) 
which is contrary to the choice of p. The result now follows. 
(3) It follows directly from (2) and Lemma 2.2(3). q 
3. Properties of G,(G) 
We call an element x in G a rr-non-generator if for any subset T C G with 
IG:(T)In=l, G=(T,x) impliesthat G=(T). 
Theorem 3.1. Q,(G) = (x: x E G, x is a n-non-generator of G). 
Proof. Let x be a r-non-generator of G. If x$ Q,,(G), then there exists a 
maximal subgroup M of G with I G : MI, = 1 such that x FM. Hence G = 
(M, x) # M, contrary to the fact that x is a r-non-generator. Conversely, 
Vx E Qm(G), if x is not a r-non-generator, then there exists a subset T of G with 
]G:(T)lV=landG=(T,x) butG#(T).TakeMtobeamaximalsubgroup 
of G containing ( T), then M has r’-index and x E M, a contradiction. 0 
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Corollary 3.2. (1) Suppose that Na G and U I G. If N 5 Q,(U), then N$ 
Q’,(G). 
(2) Zf Nag G, then Q,(N) 5 cD~(G). 
Proof. (1) If N$Qr(G), then there is M Q G with IG : MI, = 1 and N 5 M. 
Hence G = NM = UM, U = Cl n G = N(U fl M), since 
(U : U n MI = IN(U n M)l/lU n MI = INjIINfl MI 
= INMIIIMI = IG : M( . 
Hence N 5 Q,(U) 5 U f’ M, a contradiction. 
(2) If NI!G, then Q,(N) char NaG. Hence @_(N)aG. By (l), 
Q,(N) a Q’,(G). A ssume that N a N, a. . .CJ N, = G, then Q,(N) 5 Q,(N)) I 
. . . I Q,(G). 0 
We call a group G n-closed if O,(G) is a Hall rr-subgroup of G. 
Theorem 3.3. Let G be a finite n-separable group. Then: 
(1) @w(G)/O,(G) = @(G/O,(G)) is a nilpotent rr’-group and Q,(G) is 7~- 
closed. 
(2) Let K a G and K 5 Q,(G). Then M is n-closed if and only if MKI K is 
rr-closed for every normal subgroup M of G. 
(3) Zf G = G, x . . . x G,, then Q,(G) = @,(G,) x . . . X @=(Gk). 
Proof. (1) By Lemma 2.2(4), we only need to show that 
4,(G)IO,(G) = 4(G/O,(G)). 
Assume that the result is false and consider a counterexample G with minimal 
order. Then: 
(i) O_(G) = 1. 
In fact, if On(G) # 1, consider G = G/O,(G), by Lemma 2.2(l), @(G/O,(G)) 
= 4,(G)/O,(G) and O,(G/O,(G)) = 1. Hence 
4,(G)/O,(G) = 4,(G)/O,(G) = 4(G/O,(G) = cD(G/~~(G)), 
a contradiction. 
(ii) Q(G) = 1. 
If @(C)#l, we consider G = G/@(G). Since Q(G) is nilpotent and 
07i(@(G))s Q,(G) = 1 by (i), we have that Q(G) is a rr’-subgroup. Let 
L/@(G) = O,(G/@(G))~G/@(G). Then LaG and Q(G) is a Hall r’- 
subgroup of L. By the Schur-Zassenhaus Theorem, [5, 9.1.21, there is a Hall 
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rr-subgroup L, of L such that L = L,@(G) and all the Hall x-subgroups of L are 
conjugate to L, in L. A direct generalization of the Frattini argument yields that 
G = N,;(L,)@(G) = NG(L1), i.e., L, 5 Qr(G) = 1. This implies that O,,(G) = 1, 
since Q,(G) = @,(G)IO,(G) 5 @,(G)/O,(G). By the choice of G, 
Qn(G)IO,(G) = @,(G)IO,(G) = @(G/O,(G) = @(G/O,(G)), 
contrary to our assumption. 
(iii) The conclusion. 
If Q,(G) # 1, then there exists a minimal normal subgroup N of G which is 
contained in Q,(G). Since G is r-separable, N is either a n-group or a rr’-group. 
From (i) follows that N is a r’-group. Now from Lemma 2.3(3) it follows that 
1 # N 9 Q(G) = 1, a contradiction. This shows that Q,(G) = Q(G) = 1, contrary 
to the choice of G. The result now follows. 
(2) If MKIK is rr-closed, then LIK<IGIK, where LIK is a Hall rr-subgroup 
of MKIK. We prove that there exists a Hall rr-subgroup L, of L and every Hall 
r-subgroup of L conjugates to L, in L by use induction on 1 LI. In fact, since 
K 5 Q,(G) is r-closed, if O,(K) # 1, the induction yields the result. If O,(K) = 
1, then K is a n’-subgroup and hence K is a normal Hall n’-subgroup of L. Our 
result now follows from the Schur-Zassenhaus Theorem [5, 9.1.21. Let L, be a 
Hall rr-subgroup of L. Then L, is also a Hall 7r-subgroup of MK. Since La G, 
by a direct generalized Frattini argument, G = N,;(L,)L = N,(L,)K = 
NG(L,)@,(G) by the fact that L/K = L,K/K and K 5 Q,(G). Since 
IG : N&,)1 = IL : WL,)I 1 IL : L,I 
is a r’-number, Lemma 2.3(l) yields that G = NJL,). Hence L, a G. There- 
fore, MK is n-closed and so is M. 
(3) Since O,(G, X ... X G,) = O,(G,) X ... X O.,,(Gk) and @(G, x ... x 
Gk) = @(G,) x . . . X @(Gk), by (l), @,(G/O,(G) = @(G/O,(G); this yields 
our result. I7 
4. Properties of S,(G) 
Theorem 4.1. Let G be a finite group. Let 9 be a solvable saturated formation 
containing the formation of finite nilpotent group. Suppose that M is a normal 
subgroup of G with Q(G) 5 M. Then M E 9 if and only if MI@(G) E 9. 
Proof. Assume that the result is false and consider a counterexample G with 
minimal order. Then Q(G) # 1. Let N be a minimal normal subgroup of G with 
N 5 Q(G). Then: 
(1) M is solvable and M/NE 9. 
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In fact, 3 is solvable and M/@(G) E 9 yields that M is solvable. Since 
N -= Q’(G), 
(MIN)I@(G/N) = (MIN)I(@(G)IN) = M/@(G) E 9. 
the minimal choice of G yields that M/N E 9. 
(2) There exists V E 5 such that M = NV with Va G. 
From (1) it follows that M is solvable and M,$ 5 N. By the Gaschutz Theorem 
[5, 9.5.41, there exists an s-covering subgroup V of M such that M = M,,V= NV. 
Since Ma G, Vg E G, NV= M = Mg = NV’ and V’ is also a %-covering sub- 
group of M, the same theorem asserts that V” = Vh for an element h E H. That is, 
G = NN,(V) = @(G)N,;(V) = NG(V) and so Va G. 
(3) ME% 
Since N is a minimal normal subgroup of G and Va G, N fl VA G. Hence 
NnV=lorNnV=N.IfNnV=N,thenN%VandM=NV=VE9by(2). 
If NnV=l, then M=NXVES since N is nilpotent and NED by our 
assumption. Hence M E 9. 
The last contradiction yields our result. 0 
Theorem 4.2. Let G be a finite rr-separable group. Then S,(G) /O,(G) is 
supersolvable. 
Proof. Assume that the result is false and consider a counterexample G with 
minimal order. Then: 
(i) O,(G) = 1 and S,(G) # 1. 
It is a trivial fact as in the proof of Theorem 3.3. 
(ii) Q(G) = 1. 
As proved in Theorem 3.3, we can show that O,(G) = 1. Since 
ST(G) = S,(G)/O,(G) F S,(G)/O,(G), by the choice of G, 
S,(G)IO,(G) = S,(G)/O,(G) = ST(G)/@(G) 
is supersolvable. By Theorem 4.1, S,(G) is supersolvable and so is SW(G) / 
0, (G), contrary to our assumption. 
For simplicity, we denote S,(G) to be S and the Fitting subgroup of S by F. 
(iii) F = N, x . . . x Nk, where N, are minimal normal subgroups of G. G = FL 
with L f’ F = 1 for a subgroup of G. 
Let N be a minimal normal subgroup of G which contained in S,(G). Since G 
is r-separable and O,,(N) 5 O,(G) = 1, we have that N is a rr’-group and so 
N 5 S,(G) fl O_.(G) is solvable by Lemma 2.3(3). Hence N is a solvable 
minimal normal subgroup of G and so N is an elementary abelian p-subgroup 
with p E r’. Certainly N 5 F. Since F is a nilpotent normal subgroup of G, 
O,(F) = 1 = Q(F) by (i) and (ii). F is abelian. Let H be a maximal among all 
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subgroups of F which can be expressed as the direct product of minimal normal 
subgroups of G. Then Ha G and H is abelian. Let L = min{ T: T 5 G, HT = 
G}. Then H fl L = 1. In fact, H fl La G. If H fl L # 1, since Q(G) = 1, 3M Q G 
such that HflL$M and so G=(LnH)M. Note that L=LflG=(Lfl 
M)(L cl M) and L fl M # L. However, G = LH = (L n M)H, contrary to the 
minimal choice of L. Since F=H(FfIL) and FflLUFL=G, if FflL#l, 
then there is a minimal normal subgroup N of G with N 5 F fl L. As H fl L = 1, 
we conclude that H < N x H. This contradicts the maximal choice of H and 
therefore F fl L = 1. This follows that F = H and the result follows. 
(iv) JN,JisaprimeforalliE{l,..., k}, S’ 5 C,y(F) = F, S/F is abelian group. 
In fact, (iii) implies that IN,1 = p: with p, E rr’. Since Q(G) = 1 and 1 # N, a G, 
3 M, Q G with N, $ M and G = N,M,. It is clear that N, n Mi = 1 and 1 G : M;l = 
IN,\ =py’ is a n’-number. If IG : M# IS composite, then N, 5 S 5 M,, a contradic- 
tion. Hence (N,I is a prime. 
is cyclic. Therefore, G’ I C,(N,) and G’ 5 n:=, C,(N,) = C,(F), s’ 5 G’ f’ 
s 5 C,(F). Since F is abelian, S = F(s fl L) with L chosen as in (iii), C,(F) = 
F(L f’ C,(F) =: FL,, where L, = L f7 C,(F) 4 L and commutes with F, hence 
L, As. If L, # 1, then there is a minimal normal subgroup N of S which is 
contained in L, . N is a subnormal subgroup of G and O,(N) 5 O,(G) = 1. This 
yields that N is a n’-group. N 5 O,,(G) and N is solvable by Lemma 2.3, hence 
N is a solvable minimal normal subgroup of S and so N 5 S. Now then that 
1 # N 5 F f’ L = 1, a contradiction. The result now follows. 
Now, S,(G) is supervolvable by the definition and (iv). This contradicts the 
choice of G and completes the proof of the theorem. 0 
We can easily get the following corollaries: 
Corollary 4.3. Let G be a r-separable group. Then: 
(1) s,(s,(G)) = s,(G) and s,.(s,.(G)) = s,.(G). 
(2) G/O,(G) P 1s su ervolvable G G/S,(G) is supersolvable e S,(G) = G. 
Proof. (1) VM Q ST(G) with Is,(G)~M~~ = 1, O,(G) 5 M. Since S,(G)/O,(G) 
is supersolvable, 
IS,(G) : MI = Is,(G)/o,(G) : M/o,(G)~ 
is a prime. Hence 9z(S?i(G)) is the empty set and S,(S_(G)) = S_(G). 
(2) It is trivial to show that S,(G) = G+ G/O,(G) is supersolvable+ 
G/S,(G) is supersolvable by the Theorem. If G/S,(G) is supersolvable, then 
G/SW(G) = Sr(G/SV(G)) = S,(G)/S,(G), hence G = S,(G). 0 
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Corollary 4.4. Suppose that a finite group G is both m, -separable and T2-separable 
with 7~~ f’ r2 is empty set. Then S,,(G) n ST:(G) is supersolvable. 
Proof. Let S,,(G) f’ ST,(G) = N. By Theorem 4.2, both MO,,(G)/O,,(G) and 
HO,JG)/O,JG) are supersolvable. So we have that 
H = H/On,(G) n O,?(G) = H/O,,(G) n ST,(G) n O,(G) n S,,(G) 
z HIO,JG) n ST,(G) x H/O,,(G) n X,(G) 
is supersolvable. We are done. 0 
Remark 1. Let G be a finite group. If we set 7~ = r(G), then G is n-separable with O,.(G) = 1 
and S_.(G) = L(G) = {M: M Q G}, where 1 G : MI is composite. Hence L(G) is supersolvable 
in any case. This is a result from Bhatia [I]. 
Remark 2. Let G be a jinite T-solvable group or a finite rr-separable group with 7~ = { p, q}. 
Then both Qm(G) and S,(G) are solvable. 
Proof. We use induction on 1 GI. 
(1) If G is rr-solvable, VN I Qi(G) (or S,(G)) with that N is a minimal normal subgroup of 
G, N is a p-subgroup with p E rr or N is a r’-subgroup. If N is a rr’-subgroup, then N is 
solvable by Lemma 2.3(3). Hence N is solvable in any case. Now, Lemma 2.2 implies the 
result. 
(2) If G is a r-separable group with rr = {p, q}, then O,(G) is solvable by the Burnside 
Theorem on p”q”-group. Theorem 3.3 and Theorem 4.1 yields the solvability of G. 0 
Remark 3. Since G is rr-separable if and only if G is r’-separable, we can get similar results by 
replacing rr’ in the position of r. 
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